Abstract For the snake-like robot with passive wheels, the side constraint force provides the required thrust which is less than the maximum static friction. Minimizing the side constraint force can reduce possibility of skidding which is important to ensure stable and efficient motion of the robot. In this paper we model the snakelike robot based on the fiber bundle theory. This method can reduce the complexity of the dynamics and derive the exact analytical solution for the side constraint force which is linear to the redundant torque. Using the linear relation, we can derive directly the optimal torque by minimizing the side constraint force. Additionally the nonholonomic constraint can be used for constructing the connection of the fiber bundle. Using the connection, we can select the gait of the snake-like robot. The position and orientation of the head can be described in terms of the special Euclidean group SE(2) which is also the structure group of the fiber bundle. Using the symmetry of the structure group, we can reduce the dynamics equations and derive the analytical solution for the side constraint force. Kinematics and dynamics simulations validate the proposed methods.
Introduction
Reviewing the evolution history of robotics, roboticists took inspirations from nature. At the beginning, designers built human arm. Later in order to adapt to the unstructured environment, a variety of biologically inspired robots are designed. The snake-like robot is one important example.
Generally a snake-like robot is consisted of serial chains of rigid bodies connected by rotating joints. So a snake-like robot is a redundant and underactuated system and the dynamics is complex. For the snakelike robot there have existed modeling methods as followings: Ma and Saito [1, 2] developed dynamics equations based on Newton-Euler equations considering the friction between the snake robot and the environment as the Coulomb friction and viscous friction. Ostrowski and Burdick [3, 4] developed the kinematic model considering the nonholonomic constraints. Transeth [5] developed the Euler-Lagrange equations and decoupled the equations based on VSOP. Vossoughi and Pendar [6, 7] developed the Kane
Modeling analysis of a snake-like robot
We know that the locomotion of animals is produced by changing the shape of bodies and by the reaction with its surroundings. For the snake-like robot with passive wheels which is called the kinematic snake robot [10] , the gait decides the locomotion which can be described by kinematics, as in Figure 1 . The environmental constraint force effects the locomotion which can be described with dynamics. If we know the gait of the snake-like robot and the environmental constraint force then we can calculate the joint torques through the inverse dynamics. For the snake-like robot with passive wheels, when the number of the constraints is more than 3, the side constraint force is redundant. We can control joints torque to adjust the side constraint force based on the inverse dynamics.
The fiber bundle theory can reduce the dynamics equations. Figure 2 shows the modeling process based on the fiber bundle theory. Firstly, the principle fiber bundle Q can describe the configuration space of the snake-like robot. Because the locomotion group is SE(2) which is also a Lie group, it responds to the structure group G of the principle bundle. Then the enough nonholonomic constraints can be used to construct the connection of the fiber bundle which is responding to the kinematics of the snake-like robot. Using the redundant nonholonomic constraints, we can reduce the dynamics on the shape space to the gait space. Finally, we derive the optimal torques by minimizing the constraint force. The structure in Figure 2 is very similar to the one of Wang [18] . The difference is that the connection is constructed by dynamics in their work and the present one is constructed by nonholonomic constraints. Finally we briefly differentiate our method with Newton-Euler method and Lagrangian method as in Table 1 .
3 Kinematics modeling based on the fiber bundle theory
Configuration analysis
A snake-like robot is a mobile multi-body system. Its configuration is consisted of the head position, the orientation of the head and the relative angles of bodies as in Figure 3 . The configuration of a planar snake-like robot can be described as Q = (x, y, θ, φ 1 , φ 2 , . . .). We split the configuration space into two: one is the fiber space G which is used to describe the position and orientation of the head, the other is the base space M which is used to describe the internal pose. That is Q = G × M , in which (x, y, θ) ∈ G and (φ 1 , φ 2 , . . .) ∈ M . For the two-dimensional planar snake-like robot, the fiber space is the special two-dimensional Euclidean group. So the configuration space is the fiber bundle. We designate g as the element of the structure group, r as the element of the base space, and g = (x, y, θ), r = (φ 1 , φ 2 , . . .).
Given one point (g, r) ∈ G × M , there is a natural projection from the fiber bundle to the base space π : Q → M : (g, r) → r. If M is the bottom manifold, T r M is the tangent space at point r, where υ r ∈ T r M is the tangent vector at point r.
If f : M → N is the smooth map between two manifolds, we use T r f : T r M → T f (r) N to represent the corresponding tangent map. The locomotion in Euclidean space can be described as the left action of Lie group g on the fiber bundle space Q. Definition 1. The left action of Lie group G on the fiber bundle Q can be defined as follows:
(
Definition 2. For the fiber bundle Q = G × M , in which the base space is M and the structure group is G, the left action of structure group G on the bundle can be defined as
The lifting action can be defined as
For the three modules' snake-like robot
as an example, where SE(2) is the special Euclidean group, the configuration is q = (x, y, θ, φ 1 , φ 2 ).
Given
Given Lie group G, the Lie algebra g , the Lie algebra of Lie group can be represented by the tangent space at the identity element. The Lie group and Lie algebra can be connected with exponential map exp : g → G We assume ξ ∈ g, then exp(sξ) ∈ G. The vector field on fiber bundle can be derived
, where ξ Q is the infinitesimal generator which is tangent to the fiber bundle. All of these vectors compose the vertical subspace
Definition 3. The connection Γ on the trival principle bundle Q = G × M is the g valued 1 form and satisfies the following conditions
Every point on principle bundle assigns a horizontal subspace H q Q, H q Q = {υ q ∈ T q Q : Γ (υ q ) = 0}. Considering the above definitions, the tangent space at every point on fiber bundle space can be split to vertical subspace and horizontal subspace,
Kinematic connection of the snake-like robot
Considering the nonholonomic constraints on fiber bundle ω a (q) ·q = 0, where a = 1, . . . , k, the vertical and horizontal subspace are defined as:
The constraints are covariant and H q Q ⊕ V q Q = T q Q, so the constraints define the connection [11] .
For the two-dimensional planner snake-like robot, k 3, we can derive the kinematic connection. We use the constraint condition where the side velocity of the first three modules is zero to build the connection.
The center coordinate of the first three modules are as following
,
The constraint conditions:
Reducing the above equations, we can derive
where the local connection is
Holonomy and gait
In the above section we use three independent nonholonomic constraints to build a connection. Any close curve c : [0, 1] → M on base manifold can induce one net locomotion on fiber bundle. This net drift is called holonomy and the close curve is called gait. Define ζ as the integration variable of ξ, that isζ = ξ, then (1) becomes
For the snake-like robot, we assume (A(r)dr
where r 1 and r 2 are the relative angles. We use the stokes formula [14] 
where
is the height function. For (1), the height functions are
The properties of height function are as follows:
(1) Symmetry and antisymmetry: as in Figure 4 , the height function F 1 is symmetrical about line φ 1 = φ 2 and φ 1 = −φ 2 , the height function F 3 is symmetrical about line φ 1 = φ 2 , and antisymmetric about line φ 1 = −φ 2 .
(2) Unboundedness: if φ 1 = φ 2 , the value of height function is infinity, the configuration is singular. We can use the properties of height function to choose gait: if we require the Δθ = 0 when the cuve is close, then the gait curve must be symmetric about line φ 1 = −φ 2 .
Geometrical interpretation of the serpnoid gait
In the above section, we have claimed that we can choose the gait by using the connection of the fiber bundle. In this section, we will interpret the serpnoid gait using the connection. Firstly we prove that the well-known "serpnoid" gait proposed by Hirose [19] is the only special gait which induces the Δθ = 0. The following is the proof Proof.
represents a circle whose center is the origin point,
is a stretching matrix, and
is a rotation matrix. This formula illustrates that the unit circle is translated by stretching and rotating. So the final shape is an ellipse which is symmetric about line φ 1 = −φ 2 and line φ 1 = φ 2 . So the Δθ = 0 Figure 5 shows an example. In the example, a = 1, φ = π/4 . Figure 5 (a) shows that the gait forms an ellipse. Figure 5(b) shows that the Δθ = 0 after a period.
Dynamics of a snake-like robot
In this section, we use the symmetry of the group to reduce the dynamics equations to the gait space. A snake-like robot is consisted of n modules. Each module has no sideslip. So there are n constraints. we ignore the tangential friction, then the motion can be described by lagrange equation with λ multiplier. d dt 
The reduced nonholonomic constrained variational principle
For the planar snake-like robot, the lagrangian is L = L(υ q ) = 1/2 υ q , υ q . Considering the lagrangian is left-invariant under group G, the lagrangian can be reduced to l. l is the reduced lagrangian. We assume the body velocity is
In section 3, we derived the kinematic connection with the constraints of the first three modules. Generally the number of modules of a snake-like robot is more than 3. In order to facilitate the derivation, we assume the first two angles as r 1 and the other angles as r 2 . Considering the structure of the fiber bundle, we split the constraints to the fiber space and base space. The base space can be further split to r 1 and r 2 .
The reduced nonholonomic constrained variational principle is given by [10] d dt
The dynamics in gait space
The constraints of n modules's snake-like robot are as follows
. . .
Using the block matrix to describe the constraints in the following
Rearranging the above formula , we can derive:
Assuming the inverse of the left matrix exists. Subsequently, by reducing the equation, we can derive:
That is
We split the 1-form as follows:
Submitting constraints (5) into (4),we can derive:
In order to eliminate the Lagrangian multiplier, we multiply the two sides of above equation with −F T I 2 , at the same time using constraints, to derive dynamics on gait space
.
Using the symmetry of the structure group, we eliminate the position coordinates and orientation coordinates of the head and reduce dynamics from (3) to (7) . The dimension also decrease from n + 2 to 2. Additionally from (7) we know that the torque can be calculated in the gait space which is one of the advantages using the fiber bundle theory. Using inverse dynamics, we derive
where X is any n dimensional vector, E + is the generalized inverse of matrix E.
Optimal torques control
The gait space of the planar snake-like robot is two-dimensional. From (7) we know when the number of modules is more than 3, that is m 1 , the system is an over-constrained nonholonomic system. From (8) , the solution of torques is infinite because of the redundant friction. The friction must have corresponding relations with torques. We will use the dynamics equations to find out the relation and derive the optimal torques. Virtual displacement of each link can be expressed by
Using principle of virtual work, we have:
The friction is a row vector and can be calculated as:
From (6) , we derive λ and substitute it into the above formula to have
where Eq. (9) is the exact analytical solution of the side constraint force. In order to derive this form of solution we use the space structure of the fiber bundle. Through (9) we know that the analytical solution is linear to the body torque which is called redundant torque. Using the linear relation the side constraint force can be easily minimized.
For the same gait, different torques solutions response different side constraint force. The side constraint force is better smaller, because the side constraint force is not more than the maximum static friction. Minimizing the side constraint force can reduce possibility of sideslip which is important to ensure stable and efficient motion of the robot. We use the sum of the side constraint force squares h as the optimization objective.
The necessary condition of minimizing the objective function is ∂h/∂τ 2 = 0. At this moment we can have the optimal toques
Submitting (7) we have
6 Simulation studies
In the above section, we know when m 1, that is when the number of modules is no less than 4, the number of constraint is lager than the dimension of group. At this situation, the friction is redundant. In this section, we consider m = 1.
Singular configuration
For the snake-like robot, if φ 1 = φ 2 ,the matrixĀ drops rank and has no inverse. At this situation the nonholonomic constraints are non-independent and the configuration is singular. We cannot derive local connection. In order to construct the local connection, we need to select three independent nonholonomic constraints. Naturally we may use the second, third and fourth modules. We use the constraints of the three modules to construct the local connection.
Simplifying the equation we have ξ = g −1ġ = −A 2 (r) ·ṙ, where
For the second connection, if φ 2 = φ 3 , the configuration is singular and the connection is underivable. So we track the gait in two steps.
If φ 1 = φ 2 , the connection is A 2 , gait space is φ 2 , φ 3 . If φ 2 = φ 3 , the connection is A 1 , gait space is φ 1 , φ 2 .
Kinematics simulation based on the connection
In the above subsection we discuss about the singular configuration. We can construct a different connection in different step:
Step 1: if φ 1 = φ 2 , construct the connection A = A 1 using the first three constraint conditions. Initial condition Step 2: if φ 1 = φ 2 , φ 2 = φ 3 , construct the connection A = A 2 using the constraints of the second,third and fourth modules.
Let φ 1 = a sin (ωt) , φ 2 = a sin (ωt − φ) , φ 3 = a sin (ωt − 2φ) . If φ 1 = φ 2 , then ωt = (2k+1)/2π+φ/2 . If φ 2 = φ 3 , then ωt = (2k + 1)/2π + 3φ/2. So in the simulation, we may choose the connection using the following form:
where k is a integer. We choose φ = π/2, π/3, π/4, π/5 and use (12) to simulate. The basic simulation parameters are in Table 2 . Figure 6 is the trajectory of the snake-like robot's head.
Dynamics simulation
In the last subsection, in order to avoid singular configuration, we construct different connections in two steps. In this subsection we calculated the torques based on the inverse dynamics. The other simulation parameters are in Table 2 . We code the dynamics equation with mathematical software and choose φ = π/2. The detailed formulates are in Appendix. In order to compare, we consider τ 2 = 0. If τ 2 = 0, then the body joints are free and are not driven. In this situation the snake-like robot is similar to the multi-trailer system.
The minimum friction and the optimal torque can be shown in Figures 7 and 8 . From these figures we learn that the control torque and friction are piecewise continuous functions because of constructing different connection in a single period. Figure 7 (a) and (c) and Figure 8 (a) and (c) show optimal frictions and optimal torques calculated by connection constructed with constraints for first three modules. 
Simulation results discussion
In order to avoid singular configuration, we simulate the kinematics and dynamics in two steps which can ensure the continuity of locomotion. The simulation results in Figure 6 show that the motion is continuous and the singular configuration also can be trailed. For the same locomotion, when the number of modules is more than three, the joint torque is not unique. From the dynamics simulation results, we can see that the joint torque differs with variable side constraint force. Because of the planar snake-like robot with passive wheels, when the number of modules is more than three, the torque is redundant. Using the redundancy, we can control the side constraint force. The optimal torque in Figure 8 is the torque response to the minimum side constraint force.
Conclusion
This paper modeled and controlled a snake-like robot with passive wheels based on the fiber bundle theory. The simulation results of kinematics and dynamics show that this method is significant.
(1) When the number of modules is more than 3, the number of side friction is more than the number of dynamics equations. In this situation, the snake-like robot becomes a redundant friction system. Using the fiber bundle theory we can reduce the dynamics equations and reduce the dynamics equations on the gait space.
(2) In order to avoid singular configuration, we construct different connections in the locomotion procedure of the snake-like robot.
(3) We can proceed the kinematics control based on the kinematics connection and reconstruct equations. We can also derive the optimal torques based on the dynamics equations on gait space.
Finally we throw light on the future research perspective based on this topic:
(1) The friction of the snake-like robot with passive wheels is smaller and the robot is more difficult to slip. From (7) we find out that the friction have relations with gait except for body torques. In future we will study the relationship.
(2) In the procedure of modeling, we ignored the tangential friction. When the snake-like robot moves quickly, the friction cannot be ignored. So in the future research, we will add the tangential friction model.
(3) The complexity of the algorithm is increasing in geometric rate with the increasing of the number of modules. So in the future research, we consider to develop continuum model.
